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Abstract 

The genuine Kaluza-Klein-like theories — with no fields in addition to gravity — have difficulties 



with the existence of massless spinors after the compactification of some space dimensions 



1]. We 

proposed in ref. 2] a boundary condition (or spinors in ( i + 5) compactified on a flat disk that 
ensures masslessness of spinors (with all positive half integer charges) in d = (1 + 3) as well as their 
chiral coupling to the corresponding background gauge gravitational field. In this paper we study 
the same toy model, proposing a boundary condition allowing a massless spinor of one handedness 
and only one charge (1/2) and infinitely many massive spinors of the same charge, allowing disc 
to be curved. We define the operator of momentum to be Hermitean on the vector space of spinor 
states — the solutions on a disc with the boundary. 
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I. INTRODUCTION 

The major problem of the compactification procedure in all Kaluza-Klein-like theories 
with only gravity and no additional gauge fields is how to ensure that massless spinors be 
mass protected after the compactification. Namely, even if we start with only one Weyl 
spinor in some even dimensional space of d = 2 modulo 4 dimensions (i.e. in d = 2{2n + 1), 
n = 0, 1,2, • ■ ■) so that there appear no Majorana mass if no conserved charges exist and 
families are allowed, as we have proven in ref. 3j, and accordingly with the mass protection 
from the very beginning, a compactification of m dimensions gives rise to a spinor of one 
handedness in d with both handedness in (d — m) and is accordingly not mass protected any 
longer. 

And besides, since the spin (or the total conserved angular momentum) in the com- 
pactified part of space will in space of (d — m) dimensions manifest accordingly a charge 
of both signs while in the second quantization procedure antiparticles of opposite charges 
appear anyhow, doubling the number of massless spinors when coming from d(= 2(2n + 1))- 
dimensional space down to d = 4 (after the second quantized procedure) is not in agreement 
with what we observe. Therefore there must be some requirements, some boundary condi- 
tions [2], which ensure in a compactification procedure that only spinors of one handedness 
and one charge survive if Kaluza-Klein-like theories have some meaning, what due to the 
beautifulness of the idea of the gravity as the only gauge field we would hope for. 

One of us aaaaaa has for long tried to unify the spin and all the charges to 

only the spin, so that spinors would in d > 4 carry nothing but (two kinds of [13]) a spin 
and interact accordingly with only the gauge fields of the corresponding generators of the 
infinitesimal transformations (of translations and two kinds of the Lorentz transformations 
in the space of spinors), that is with vielbeins f a a [l^] and (two kinds of) spin connections 
(uiaba, which are the gauge fields of S ab = f (7 a 7 fc — 7 6 7 a ) and u a ba, which are the gauge fields 
of S ab = |(7 a 7 b - 7 6 7 a ), with {7 a ,7 b }+ = 0). 

In this paper we take (as we did in ref. [2]) for the covariant momentum of a spinor 

POa = f a aP0a, POa^P = Pa ~ ]^S Cd U cda . (1) 



The corresponding Lagrange density £ for a Weyl spinor has the form £ = 

E^K^^^poaip) + (ip^^^Poa^V] and leads to 

£ = ^7°7*{J5(P. - \s cd u; cda ) + l -{p a , Ef a a }^, (2) 

with E = det(e a Q ). If we have no gravity in d = (1 + 3), and for u a bc = 0, while f a s = Sgf(p), 
the equations of motion follow 

{£ 7 °7> m + £/tV (P. + ^yfe, JS?/>_)}^ = 0. (3) 

(We use s, t, or a, r, to denote the two compactified dimensions (x 5 and x 6 for the flat 
and the Einstein index, respectively), m,n, to denote the flat experimentally observed 1 + 
3 = d — m dimensions, and a, b, and a, (3, to denote all the flat and Einstein indices, 
respectively.) The authors of this work found a way out of the "Witten's no go theorem" for 
a toy model of M^ 1+3 ^x a flat finite disk in (1 + 5)-dimensional space by postulating a 
particular boundary condition, which allows a spinor to carry only one handedness after the 
compactification — but many charges (all positive integers). Massless spinors then chirally 
couple to the corresponding background gauge gravitational field, which solves equations 
of motion for a free field, linear in the Riemann curvature, while the current through the 
boundary for the massless and all the massive solutions is equal to zero. In ref. [2J the 
boundary condition was written in a covariant way as 

T^Uu = 0, £=~(l-m^n^ 7 a 7 6 ), n 2 = U (4) 

with n^ p ' = (0, 0, 0, 0, cos0, sin 0), rS^ = (0, 0, 0, 0, — sin0, cos0), which are the two unit 
vectors perpendicular and tangential to the boundary of the disk at po, respectively. The 
operator TZ is a projector. It can for the above choice of the two vectors and be 
written as 

56 1 

K = [-] = -(l-i 7 V). (5) 

ab ab 

In Appendix |A] properties of the Clifford algebra objects (±), [±] are presented. The bound- 
ary condition requires that only massless states (fulfilling equations of motion (Eq.fjnj))) of 
one (let us say right) handedness with respect to the compactified disk are allowed. Accord- 
ingly massless states of only one handedness are allowed in d — (1 + 3) for each charge. Since 
the realistic theory, leading to massless states of only one charge is desirable, we search for 



boundary conditions, which would lead to one massless state of one handedness and only 
one charge. 
In this paper: 

i. We formulate the boundary condition allowing one massless state of one handedness and 
only one charge and infinitely many massive states with the same charge so that to each 
mass only one state corresponds. 

ii. We define the operator for momentum p a so that it becomes Hermitean on the vector 
space of states fulfilling the boundary conditions and we comment on the orthogonality 
relations of these states. 

iii. We study the properties of states on a curved disc with the boundary. 



II. BOUNDARY CONDITIONS 

The boundary condition, presented in ref. [3], allows massless spinors of only one hand- 
edness but of all positive half integer charges. To resemble with our toy model a "realistic 
theory" at d(= 1 + 3) the massless spinor must manifest in d = (1 + 3) only one charge. The 
boundary condition on a disc which does lead to massless spinors of only one handedness 
and only one charge and which leads to infinite many massive spinors of the same charge is 
as follows 

K'lj) | wa ll = 0, 

1 56 56 

W = -([-] +e te n^ a p a n^ bl b [-] n^ c7 c n {p)d Pd + h.c.) (6) 

56 

with [— ]= (1 —in^ p ' a rS^l 7 a 7 b ), while 6 is a parameter. If taking rv- p ' a = (0, 0, 0, 0, cos0, sin0) 

and n^ a = (0, 0, 0, 0, — sin0, cos0), TZ' in Eq.flH]) simplifies to 

56 56 i 8 B 

W=H +< », [+] <_.__). (?) 

The two conditions, the one of Eq.Q and that of Eq.Q, coincide for 9 = (2k + 1) tt/2, where 
k is an integer. However, while TZ is a projector, TZ' is not. Both, TZ and TZ', are Hermitean. 
Accordingly 6 = 1-2% with O 2 = I and 0t = 6, is unitary, while 6> = I - 211' is not 
unitary. We shall see that when requiring that solutions of equations of motion obey the 

~ k 

condition TZ' ip\ p = Po = 0, for k = 1, the same states are projected out for any k. In this 
sense also O' manifests unitarity on the states of solutions (obeying boundary conditions on 
the boundary, where both operators only apply). 



III. EQUATIONS OF MOTION AND SOLUTIONS 



We study two cases: 

i. We assume that the two dimensional space of coordinates x 5 and x 6 is a Euclidean plane 

(with no gravity) so that f a s = 6%, tu 5es = 0, with the rotational symmetry around 
the origin, 

ii. We assume that space of x 5 and x 6 is curved with the zweibein f a s = S a s f(p), with p, 
defined by x 5 = pcos0, x 6 = psin0, so that the rotational symmetry around the axis 
perpendicular to the plane of x 5 and x 6 is preserved. 

If the Euclidean plane is curved on S 2 with the radius po an d the rotational symmetry 
around the axis perpendicular to the plane of x 5 and x 6 , then /(p) = 1 + (^-) 2 . From 
ds 2 = e S(J e s T dx (7 dx T = f~ 2 (dp 2 + p 2 d^) we find E = f- 2 (p). 

Wave functions describing spinors in (1 + 5)-dimensional space demonstrating M^ 1+3 ^ x 
a disk symmetry are required to obey Eq.(j3J). 

The most general solution for a free particle in d = (1 + 5) should be written as a 
superposition of all four (2 6 / 2-1 ) states of a single Weyl representation. The reader can see 
in Appendix El technical details about how to write a Weyl representation in terms of the 
Clifford algebra objects after making a choice of the Cartan subalgebra, for which we take: 
S* 03 , S 12 , S 5e . In our technique llj one spinor representation — the four states which are the 
eigenstates of the chosen Cartan subalgebra — are the following four products of projections 

ab ab 

[k] and nilpotents (k): 

56 03 12 

<Pl = (+)(+«)(+) V>0, 
56 03 12 

<^ = (+)HH V>o, 

56 03 12 

= HHK+) ita 

56 03 12 

= [-K+0H V> , (8) 

where ?/>o is a vacuum state. If we write the operators of handedness in d = (1 + 5) as 
r (i+5) = 7 o 7 i 7 2 7 3 7 5 7 6 (= 2HS 03 S 12 S 56 ), md= (1+3) asr( 1+3 ) = -i 7 7 1 7 2 7 3 (= 2 2 iS m S 12 ) 
and in the two dimensional space as = i'j 5 ^ 6 (= 2S 56 ), we find that all four states are left 
handed with respect to r^ 1+5 \ with the eigenvalue —1, the first two states are right handed 
and the second two states are left handed with respect to T^ 2 \ with the eigenvalues 1 and 
— 1, respectively, while the first two are left handed and the second two right handed with 
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respect to r( 1+3 ) with the eigenvalues —1 and 1, respectively. Taking into account Eq.(jSJ) 
we may write the most general wave function ip^ obeying Eq.([3]) in d — (1 + 5) as 

56 56 , . 

^=A(+)^% + B[-}^% (9) 

where A and B depend on x 5 and x 6 , while and ^r_j determine the spin and the 
coordinate dependent parts of the wave function tp^ in d — (1 + 3) 

03 12 03 12 

Vf?) = a+(+i)(+)+/3 + [-<][-], 

... 03 12 03 12 

= a _[-i](+)+/3_(+i)H- (10) 

Using -?/^ 6 ) in Eq.([3]) we recognize the following expressions as the mass terms: ^(p — 
p 3 ) — ^-{p 1 — ip 2 ) = m, ^{p + p 3 ) — ^~{p l + ip 2 ) = m, + £> 3 ) + ^{p 1 ~ ip 2 ) — m , 

@^(p° — p 3 ) + ^{p 1 — ip 2 ) = tu. (One can notice that for massless solutions [m = 0) the 
V>+ and ip_ decouple.) We end up with the equations of motion for A and B as follow 

-2i/(| + »^)B + m,l = 0, 

-*/<! + ^^M + mS = 0, (11) 

where z := x 5 + ix 6 = pe**, z := a; 5 -u; 6 = pe~** and Jj = ± (^y-i^jr) = e _< * (|;-~ 

Jl = I (sfs + ^afe) = ^ (^T + 1 ^)- ^ e can rewr ite Eq. liTTj) in a more compact form as 

follows 

- 2i / {-^{B^Ef) + m MV^/) = 0, 

-2z / (gz(AjEf) + m (ByfEf) = 0. (12) 

Having the rotational symmetry around the axis perpendicular on the fifth and the sixth 
dimension we require that tp^ is the eigenfunction of the total angular momentum operator 
M 56 

M 5 V 6) = (n + ^ (6) , M 56 = iV-iV + 5 56 . (13) 

Then .A = Ai(p) and B = B n (p) e < n+1 ^. 

Spinors which manifest masslessness in d = (1 + 3) must obey the equations (11 If 121) for 
m — 0. One easily sees that for m = and any /, which determines the curvature in the 
fifth and the sixth dimension (f a s = 5° f(p), while u a b s = 0), we find the solution of Eq. (jT2"]) 



with the total angular momentum in the fifth and the sixth dimension equal to n + 1/2 as 
follows 

4 6)n+1/2 = * n z n ff (+) + & ^ n v7 [-] ^]o- ( 14 ) 

There is a solution for any positive integer n and there is obviously no mass protection, 
since the solution for any chosen n is the superposition of the left and the right handed 
components in d = (1 + 3). Taking into account the boundary condition of Eq.Q one sees 



that j3 n must be zero for all n, accordingly ip^ n+1 ^ 2 = a n z n \fj (+) Vv+io f° r an y f{p)i 



56 

" v (+)o 

which means that only solutions of one handedness in d — (1 + 3) are allowed, assuring the 
mass protection mechanism in d = (1 + 3). However, all the positive integers n are allowed 
(we require n > to ensure the integrability of solutions at the origin). 

Taking into account the boundary condition of Eq.fH) we see that (3 n must still be zero 
for any n, while now the condition W ip^ n+1 ^ 2 \ p=po = leads to the condition 

n(n + p dln d ^ )\ p=P0 = 0. (15) 

In the case that a disc is flat with the boundary at p = po we get that only n = fulfils 
the boundary condition of Eqs. fl7ffT5|) . If a disk is curved on a sphere with radius p an d 
we put a boundary at p = p , then / = (1 + (^) 2 ) and the boundary condition requires 
n{n + |) = 0. Again the only solution is n = 0, since n is an integer. More general / would 
lead to rational or irrational numbers (and so would a boundary at some other p% ^ po), so 
that we can conclude that n = is the only solution even if the disk is not flat. 

Therefore for m = we get as the only solution for any curvature / (f a s = f 5 a S) uj^q s = 
0, s = 5, 6; cr = 5, 6,) 

4 6)1/2 = ao(?)^)o (16) 

and accordingly this massless state is mass protected and manifests spin 1/2 (as we shall 
see) as the only charge in d = (1 + 3) (Eq. liTBl ). 

In the massive case (m ^ 0) we get for / = 1 the following solutions of Eq. ffT2]) 

56 , . 56 , . 

^)n + l/2 = Mn e rn, {Jn ( + ) ^ _ ^ ^ H 

where J n are the Bessel's functions of the first order, which depend on p, while M n determines 
the normalization j^]. 



If we require that the boundary condition of Eq.flH]) should be fulfilled, then J n+ i\ p=Po = 
and the zeros of J n +i determine for each n and each zero of J n a (different) mass m. 

If we require that the boundary condition of Eq. (f7|) is fulfilled, then only n = is the 
solution. In this case we namely have J n+1 \ p=po = and n (jj jh)\p=pa = 0. It turns out 
that n = is the only possibility, since J n+ i\ p=Po = = @^\ p=po is true only for n = 0. 
This relation is fulfilled for infinitely many masses mi = au/po, i — 1, • • •, where index % 
determines the successive number of a zero of J\ at p = p . There are accordingly infinitely 
many massive solutions, which obey the equations of motion (Eq. (ll2p ) for / = 1 and the 
boundary condition of Eq. ([71) , all having eigenvalue of M 56 equal to 1/2 

56 56 

VS 1/a =JVJ iMauP/Po) (+) 1>$w~ iJ i («WPb) ["] (18) 

For / = (1 + (^) 2 ) th e solutions of Eq. f[T2"j) obeying the boundary condition of Eq.(J7J) can 
not be found among the known functions, but we still know that they have the eigenvalue of 
M 56 equal to 1/2 and we also guess that they behave pretty like the two Bessel's functions 
in Eq.(fT8l). 

IV. CURRENT THROUGH THE WALL 

The current perpendicular to the wall can be written as 

56 56 

n (p) Sjs = ^tyy n o>ty = ^ j± ^ J± = _/{ e -^ (+) (-)}. (19) 

For physically acceptable cases when spinors are localized inside the disk the current through 
the wall must be equal to zero 

{^j±V4Uo = o. (20) 

One easily checks that — since the current operator jj_ changes the handedness of a state — in 
the massless case (since massless states of only one handedness exist (Eq.f ll6[) ) and all the 
massive cases (the product of A and B appears in the current and B is zero, in particular 
in Eq. (118j) Ju\ p=po = 0) the current through the wall is for both types of the boundary 
conditions equal to zero. 



S 



V. HERMITICITY OF THE OPERATORS AND ORTHOGONALITY OF SOLU- 
TIONS 



The operators p s (and consequently also {'~y s Ps) 2 ) are not Hermitean on the space of 
solutions which have nonzero values on the boundary p = p Q , since then / d 2 xp s (tpfyj) ^ 0. 
We define therefore a new operator p s . We take care of a flat disc with the boundary. 

Statement: The operators p s , 

f) 1 T s 56 

=^"27^ "AO ML (21) 

are Hermitean on the vector space of solutions presented in Eqs. fll6|ll8l) . 

Proof: Since the expectation value of p s is zero between the massless states (Eq.f JT6|) ) and 
so is also between the massless and all the massive states (Eq.( fl8l) ). we check the Hermiticity 
of the operator (YPs) 2 = p s p s + \{{-§- p + l p )KP - po) + 5{p - p Q )(-§- p - j^)}, where p s p s = 

+ + (I d 2 xipi(j 8 p s ) 2 )ipj = J d 2 xip}il) j m 2 5i j ). We ought to check only the x 5 and 
x 6 part, with the corresponding spin components included. We obtain for the expectation 

56 

values of (YPs) 2 between the massless and a massive state the values: / d 2 xTr 56 (J 0i (+) 

56 56 56 

VKYPs) 2 (+)] = ^{pJu)\ P=P0 = Jd 2 xTT 56 [(Yp s ) 2 J 0l (+)= <-^pJu)\ P = P0 = 0, 
due to the properties of the Bessel functions Ju = —-^-^^ with Ju{ a ii) — and the 
property of the delta function Jq° g{p) M£z£gi — _<M£l|^_^ o) where g(p) is any smooth 
function of p. Accordingly the massless state is orthogonal to all the massive states. Taking 
into account that for the Bessel functions = —Joi + -^--^i- one finds that for i ^ k it 

dp po u otu p dp ' 

follows 

56 56 56 56 

d 2 xTr 56 (J 0i (+) -Uu [-] e^) t [( 7 %) 2 (Jofe (+) -Uik H e i4> )} = 

2tt{ f pdp[-(m k ) 2 (J 0i J 0k + JuJik)) + \(-P^tt-Jm + pJuJok—)\ P = Po } = 
Jo 2 op po 

2n(pJ 0i J lk + pJ u J k)\p=po = °) ( 22 ) 

since Jife(aife) = 0. We checked accordingly the Hermiticity of the operator p{'~y s p s ) 2 on the 
vector space of the massive states and correspondingly also the orthogonality of these states. 
Let us add the normalization property of the massive states 

56 56 56 56 

d 2 xTi 56 (J 0l (+) -iJ u [-] e^)t( 7 s p s ) 2 (J 0i (+) -U u [-] e **) = 
-7T (m fe ) 2 (p 2 (4 + J 2 ))\ p=po = n(p 2 J 2 J\ p=po , (23) 
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since m; = — . 

Po 

We conclude that on the space of solutions (Eqs. (116(1181) ) the operators p s (Eq. (j2Tj) ) are 
Hermitean and the solutions are orthogonal. Since we do not know the explicit expressions 
for solutions on the curved disc (/ 7^ 1), we do not comment orthogonality properties of 
these functions. 



VI. PROPERTIES OF SPINORS IN d = (1 + 3) 

To study how do spinors couple to the Kaluza-Klein gauge fields in the case of M^ 1+5 \ 
"broken" to M^ 1+3 ^ x a flat disk with p and with the involution boundary condition, which 
allows only right handed spinors at po> we first look for (background) gauge gravitational 
fields, which preserve the rotational symmetry on the disk. Following ref. |2j we find for the 
background vielbein field 

e\=( )j a a=[ , 24 

Ve% e\ J \0 = f li s F.J 

with f u m = A fl 5 fl m e a T x T and the spin connection field 

The U(l) gauge field depends only on x^. All the other components of the spin connection 
fields are zero, since for simplicity we allow no gravity in (1 + 3) dimensional space. 

To determine the current, coupled to the Kaluza-Klein gauge fields A^, we analyze the 
spinor action 



d d xE^ ) 1 a p Qa ip {&) = I d d x^ (6) 7 m <^ m p^ (6) + 
d d x ^^ m (-)S sm u smtl ^ + J d^^^^sP^ + 
J d d x^h m ^ m A^e\x T p a + S' >G )^\ (26) 

ijj^ are solutions of the Weyl equation in d — (1 + 5) . E is for f a a from equal to f~ 2 . The 
first term on the right hand side of Eq. (|26|) is the kinetic term (together with the last term 
defines the covariant derivative po^ in d — (1 + 3)). The second term on the right hand side 
contributes nothing when the integration over the disk is performed, since it is proportional 

to X {jjJsm^L ^E^yb m £ s<J X ). 
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We end up with 




(27) 



as the current in d = (1 + 3). The charge in d = (1 + 3) is proportional to the total angular 
momentum M 56 = L 56 + S 56 on a disk, which for either massless or massive spinors equal 
to 1/2. 

VII. CONCLUSIONS 

We presented for a toy model the boundary condition which makes massless spinors which 
in M 1+5 carry nothing but a spin to live in M^ 1+3 ^ x a disk with a boundary and manifest in 
j^f (!+3) — jf m assless — as a left handed spinor (with no right handed partner and accordingly 
mass protected), which carries only one kind of the Kaluza-Klein type of charge and chirally 
couples to the corresponding Kaluza-Klein gauge field (so that after the second quantization 
procedure a particle and an antiparticle of only that particular charge and the opposite one 
appear, respectively). 

We propose the boundary condition 



which is in Eq. ((6]) presented in a Lorentz invariant way, with 9 which is an arbitrary parame- 
ter ^ (2k + l)vr/2, and k is any integer. This boundary condition allows in the massless case 
only the right handed spinor to live on the disk and accordingly manifests left handedness 



momentum in the fifth and the sixth dimension equal to 1/2, which then manifests as a 
charge in d = (1 + 3). The massless solution is mass protected. When a disk is flat, the 
massless solution is independent of x 5 and x 6 , while the massive solutions are expressible 
in terms of the Bessel's functions Jo(a l p/po) and Ji(a l p/po), defining masses m l = a % /po 
through the requirement that the i — th zero of J\ is zero at p = p . 
We define a generalized momentum 



{6'*p = V4Ip=p)o, 6 = 1-211', 




(28) 



in M^ 1+3 ) . The massless and the massive solutions have the eigen value of the total angular 




(29) 
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which is Hermitean on the vector space of states obeying equations of motion (Eq.(j3J)) for 
f a s = 5g and our boundary condition (Eq. (128]) ) . Accordingly also the operator Yftsrfftt is 
Hermitean on the same vector space, and the states are accordingly orthogonal, with the 
eigen values of this operator which demonstrate the masses of states. 

The negative —1/2 charge states appear only after the second quantization procedure in 
agreement with what we observe. 

If the disc is curved, so that f a s = 5 a J, with / = (1 + (^) 2 ) if it is on S 2 with a radius 
p , the solutions obeying Eqs. (!3H28|) have similar properties as for / = 1, but in this case we 
present only the explicit expression for the massless state, while the massive ones stayed to 
be determined. 
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APPENDIX A: SPINOR REPRESENTATION TECHNIQUE IN TERMS OF 
CLIFFORD ALGEBRA OBJECTS 



We define [lOj spinor representations as superposition of products of the Clifford algebra 
objects 7 a so that they are eigen states of the chosen Cartan sub algebra of the Lorentz 
algebra SO(d), determined by the generators S ab = i/A{ r ) CLr ) b — r ) br j a ). By introducing the 
notation 



it can be checked that the above binomials are really "eigenvectors" of the generators S' 





-1, 



1, 



(Al) 



ab U ab 

S ab (k): = - (k), 



ab U ab 

S ab [*]:= 2 W ■ 



(A2) 



Accordingly we have 



03 1 

(±0= = 2-(7°T7 3 ) 



03 1 

[±z]:=-(l±7°7 3 ), 



12 



(±): = \{l l ±il 2 l [±]:=i(l±i 7 1 7 a ) l 

56 1 56 1 

(±): = [±]:=-(l±z 7 5 7 6 ), 



(A3) 



03 03 12 12 

with eigenvalues of S 03 equal to ±| for (±z) and [±i], and to ±| for (±) and [±], as well as 

56 56 

for (±) and [±]. 
We further find 

ab ab ab ab 

T»(k) = r] aa [-k), j b (*) = -ik [-k], 

ab ab ab ab 

7 a [k] = (-k), 7 fe [k]= -ikr] aa (-jfe) . (A4) 

We also find 

ab ab ab ab ab ab ab ab ab ab 

(*)(*)= 0, (k)(-k)= rT [k], [k][k} = [k], [*][-*]= 0, 

ab a6 ab ab ab ab ab ab ab ab 

(fc)[fc]=0, [*](*)=(*), (k)[-k]=(k), [*](-*)= 0. (A5) 

To represent one Weyl spinor in d — (1 + 5), one must make a choice of the operators 
belonging to the Cartan sub algebra of 3 elements of the group 5*0(1, 5) 

S 03 ,S 12 ,S m . (A6) 

Any eigenstate of the Cartan sub algebra (Eq. (lA6p ) must be a product of three binomi- 
als, each of which is an eigenstate of one of the three elements. A left handed spinor 
(r(!+5) = — 1) representation with basic states is presented in Eq.(jHJ). For example, 

03 12 56 

the state (+)(+) if>o, where if) is a vacuum state (any, which is not annihilated by the 
operator in front of the state) has the eigenvalues of S 03 , S 12 and S 56 equal to |, | and |, 
correspondingly. All the other states of one representation of SO(l, 5) follow from this one 
by just the application of all possible S^ab), which do not belong to the Cartan subalgebra. 
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